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L^ ' The question of whether the Kaluza-Klein (KK) graviphoton /is^ and 

tJ" ' graviscalar h^^ are locahzed or not on the brane is one of the important issues. 

^^ . In this letter, we address this problem in five dimensions. Here we consider 

P\J , the massless (zero-mode) propagations without requiring the Z2-symmetry 



> 



0^ 
O 



on /i5^. We obtain the graviton /i^j^, graviphoton, and graviscalar exchange 
amplitudes on shell. We find that the graviscalar has a tachyonic mass. It 
turns out that h^^ admits the localized zero-modes on the brane while /iss 
does not have a localized zero-mode. This is contrasted to the fact that the 
^D , bulk spin-0 field has a localized zero- mode on the brane but the bulk spin-1 

■^ ! field does not have a localized solution in five dimensions. 

Oh: 

> 
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In the conventional Kaluza-Klein (KK) approach of the five dimensional (5D) gravity, 
the spacetime manifold is factorized as M4 S^. Here M4 is the Minkowski spacetime and 
S^ is the circle. The spectrum of the 5D pure gravity is split into four dimensional (4D) 
massless fields such as graviton, graviphoton, graviscalar, and an infinite tower of massive 
spin-two fields [|1],3. In particular, the U(l) gauge symmetry of the graviphoton in the 4D 
effective action is originated from the translational isometrics in the extra dimension. 

On the other hand, there have been much interest in the phenomenon of localization of 
gravity proposed by Randall and Sundrum (RS) 0,^. There have been developed a large 
number of brane world models afterwards [§]-0]. RS assumed a single positive tension 3-brane 
and a negative bulk cosmological constant in the 5D spacetime IQ . They have obtained a 4D 
localized gravity by fine-tuning the tension of the brane to the cosmological constant. The 
introduction of branes usually gives rise to the warping of the extra dimensions, resulting 
in the non-factorizable spacetime. Apparently, the presence of the brane breaks the transla- 
tional isometrics in the extra dimensions. Hence we worry about obtaining the graviphoton 
in the RS approach. 

It is not easy to derive the zero-mode propagations in the non-factorizable compactifica- 
tion. In the conventional KK approach, one can find the zero mode f{x) only by requiring 
dr,f = in the equation of motion. This is possible because it is in the factorizable com- 
pactification. In this case the 5D Laplacian is split into the 4D Laplacian □ and df, the 
latter produces a (mass)^-term [0. Equivalently the 4D effective action for zero-modes can 
be obtained after the integration of the 5D pure gravity action over x^ = z ^ S^. However, 
in the non-factorizable compactification, there exist additional terms that are function of 
x^ = z & Rin the linearized equation. In general we cannot obtain the consistent zero-mode 
solution only by requiring ^5/ = in the level of the equation of motion. The integration 
of the 5D action over z is a good starting point to obtain the zero-mode solution for the 



non-factorizable compactification fSHTll . Also the study of this issue is very important for 
the phenomenological purposes because its zero modes (massless modes) correspond to the 
standard model particles localized on the brane. If the brane world scenario is correct, the 



various fields we observe are the zero-modes of the KK |]T2[ and bulks fields [|13| which are 
trapped on the brane by the gravitational interaction [|. Here we consider the KK fields 
only. 

A simple choice for the KK fields is a part (/is^ = h^^ = 0) of the RS gaugeQ to obtain 
the localized 4D gravity on the brane [^. Th brane-bending effect appears under the RS 
gauge with the localized matter source IT^. Here the bending of the wall ^^ acts like a 
new scalar under the RS gauge^ Ivanov and Volovich [^ and Myung and Kang [jl6[ have 
discussed the propagation of h^,^ with h^r, = 0. The propagation of all metric components 



^The field theoretic mechanism for gauge field localization on a brane was first suggested in |19|. 
Also the localization of quantum fields on the brane was recently discussed [^ . 

^This is composed of the Gaussian-Normal gauge : {h^^ = /155 = 0) and the 4D tansverse traceless 
gauge : d^h'"' = 0,/i^(/i) = 0. 



^For the other approach, see ref. ||21] . 



including h^^ 7^ 0, /155 7^ was investigated in [0. It turned out that the massive modes of 



h^fj., h^5 with uniform external sources cannot propagate on the branes. Recently, the case 
of /155 7^ 0, /i5^ = with the localized source was discussed |T^. However, it was pointed 



out that at long distance where we can obtain the 4D gravity, the propagation of /155 is not 
allowed. The next question is whether the massless modes of graviphoton /i5^ and graviscalar 
/i55 propagate or not on the brane. 

It is known for h^^ ~ </? on the RS brane that the consistency with M = h^^ = requires 
/155 = without the external source |]ll|. Concerning the massless propagation of /is^ ~ a^, 



we expect that the breaking of isometries in the extra dimension by the brane makes the 
4D effective action not being invariant under U(l) gauge transformations manifestly [Q. 
Explicitly, it comes from the Z2-symmetry argument. This is based on the fact that RS 
ground state solution is symmetric under z -^ —z. If one requires that this symmetry be 
preserved up to the linearized level, h^^{x,z), h^^{x,z) are even with respect to z, but h^^ 
is odd : h^^{x,—z) = —h^^{x,z). This implies that /i5^(a:, 0) = on the brane. Thus we 
do not expect to have the zero-modes of the gravivector. Here we do not require such a Z2- 
symmetry on the linearized calculation. Then the analysis of the linearized equation around 



the RS background reveals that the graviphoton possesses the U(l) gauge symmetry |T^. 

In this paper, we clarify whether the graviphoton h^^ and graviscalar h^^ are localized 
or not on the brane with the matter sources. This is one of the important issues about the 
brane world scenario P,^,|22|-p^ . The naive condition that the zero-mode is localized on the 
brane is equivalent to the normalizability of the ground state wave function on the brane . 
This requires that after the integration of the 5D action over z it be finite P,p!3[|. However, 
this is valid for the bulk fields. Actually a further work is necessary for a complete study 
of the massless propagations including the graviphoton and gravisacalar on the brane. As a 
definite criterion, we introduce the local sources to calculate the graviton, graviphoton, and 
graviscalar exchange amplitudes on shell. 

We start from the second RS model with a single brane at z = P,p!2| 



./-g 



^^ / dz-^^{R - 2A) - / d'x^-gsa. (1) 

J-00 IdttGs J ^ 

Here G5 is the 5D Newtonian constant, A is the bulk cosmological constant, qb is the 
determinant of the induced metric for the 3-brane, and a is the tension of the brane. We 
assume that the value of a is fine-tunned such that A = — 6A;^(< 0) with k = ATiG^a/S. Let 
us introduce the domain-wall metric, 



ds"^ = (jMNdx^^dx^ = H '^{z)gMNdx^dx^ 

j^^dx^dx" + ^'^{dz - KA^dx^Y] . (2) 



H-'(z) 



Here H = k\z\ -|- 1, $^ = (755, and —k^'^A^ = g^^. The above corresponds to the standard 
KK decomposition as 

9MN - y _^^2^^ $2 j (3) 

with A^ = 'j'^'^Ai, and A ■ A = A^^A^^. Here k, is introduced for the small gauge coupling 
constant. 



Under the specific class of coordinate transformations such as 

x'' ^ x^ = x''{x), z ^ z = z + $,{x), (4) 

we obtain from qmn = ^^9pq as 

UX^ ux ~ ox^ u^ ~ 

We observe that 7^,^ transforms hke a 4D metric tensor and $ a scalar field under diffeo- 
morphisms in Eq. (|^). Also we point out that the 5D diffeomorphisms are split into the 4D 
diffeomorphisms plus the U(l) gauge transformations for A^. 

In this work, we are mainly interested in the zero mode effective action. It is a non-trivial 
problem to determine what the zero mode is if the full spacetime is not factorizable. In order 
to obtain the zero modes, we assume that 7^,^, A^, and $ are functions of x-coordinates only. 
Plugging Eqs.(2) and (3) with •y^^^x), A^{x), and $(a;) into Eq.(l) and integrating it over z 
leads to H 

,2 



hero-m = -f^ f d''x,/^\<!>R{y) - '^^^ F 



6A;2($"^ + $ - 2J\5'i + /€2$2AM^| + K^^A ■ A] . (6) 



We observe that the zero-mode gravitational degrees of freedom in the 5D spacetime are 
split into the 4D graviton 7^,^, a graviphoton A^, and a graviscalar $ as usual. However, 
the properties of the vector field and the scalar field are very different from those in the 
conventional KK reduction. The first two terms in Eq. (|^) are the same form as in the 
conventional KK compactification, and thus they have the U(l) gauge symmetry. The 
difference from the conventional KK approach is the last term which is proportional to /c^. 
If we start from the KK metric decomposition with A^ = and $ = 1 in Eq. (^ as in the 
RS approach, this "potential" term disappears and one obtains the pure 4D gravity without 
the cosmological constant on the brane. The zero cosmological constant arises because of 
the fine-tuning between the brane tension a and the 5D bulk cosmological constant A. 



Apparently the non-linear term {\l\5u + n'^^'^A^^Ay\) as well as the squared term A ■ A 
imply not only that the 4D effective action no longer has the U(l) gauge symmetry, but also 
that the graviphoton does not exist. This phenomena arises mainly from the presence of 
the brane in the 5D Anti de Sitter spacetime. However, this observation is not a complete 
one. Actually the propagation of fields should be determined by the perturbation analysis 
around the RS solution. As will see later, the non-linear term and A ■ A cannot generate 
any mass-like term. 

In order to see explicitly how the dynamical aspect of $ comes out, let us conformally 
transform the metric as 

l^Jiu -^ li,v = ^It^u- (7) 

The zero-mode effective action Eq. (|^) is then written by 

2 



I^ro-m = I^/^'^V^[^(^) - T^'^' - ^^-^V^W.^ 



+6P<^-^(<^-^ + $ - 2J\5i^ + fi:2$3AM^| + K^<^^A ■ A 



in the Einstein frame. Here all contractions are done using the metric 'j'^" as F^ = 
^^^^^°'I^F^aFyp., and A ■ A = '^^'^A^A^^. Hence ^^^^ corresponds to the canonical metric. 
Now we wish to derive the equations from the effective action (§). First of all, we have to 
change the non-linear term of J\5v + Nu\ with Nj^ = k^^^A^^Ai, into a manageable form. 
Considering the small gauge coupling constant (k < 1), we assume that 6^ > N}^. Using the 
formula as 

det[l + x] = 1 + itr(x) - ^tr(x^) + ^(tr(x))2 + • • • , (9) 

one finds 



5^ + Nt:\ = 1 + -fi:2$M . A - -{k^<^'^A ■AY + ---. (10) 
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For simplicity we use here the relation of 



1 



\6ti + m\^l + -K^^^A-A. (11) 

Even if we use this instead of Eq. (0), we never lose the generality for analyzing the RS 
background. To check it, we have the relations 

^K^^'A^A^il - ^K^^'A ■A + ---), (12) 

-K^<I>^A-A{1--K^<I>^A-A + ---), (13) 

^^, /.2<I>%(1-Wa-A + ---). (14) 

Making use of Eq. ([TT|) , we obtain the truncated equations of motion 

.2 
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V^'I'V.'I' - 2A; ^($-1 + $ - 2)J , (15) 

SI^F^,^ + 12A;2/c2$-3(l - ^)A^ = -3$-^V^<l>F^^, (16) 

- - - - r 1 K^ 

V^V^,<I> - $"V^$V^$ + 2A;2[$-i(4 - $ - 3$"^) - k^^M ■ A\ = —F^. (17) 

It is easily checked that A^ = and $ = 1 satisfies Eqs. ([I6D and (p^Tj). Also if we use the 
full expression Eq. (0) for the non-linear term, counting Eqs. (|l^) and ([l^) with A^ = 
leads to the same situation. In this case, Eq. ( 1151) leads to R^u = 0. Considering Eq. (|12D 
and (0), we find -R^jy = 0. Thus any 4D Ricci-flat metric 'j^^, is a solution to the 4D effective 
action Eq. (||). In particular, •y^^ = rj^i, =diag( — h ++) corresponds to the RS solution with 
Z2-orbifold symmetry. It is noted that only for the case of A^ = 0, we can find the consistent 
solution. This is because the case of A^ 7^ results in the unwanted situation. That is, it is 
not easy to find a solution to the equations including a lot of terms like A ■ A, [A ■ A^, ■ ■ ■. 
This is why in the RS approach they set A^ = at the beginning 0]. 



Now we are in a position to consider the perturbation analysis around the RS ground 
state solution (7^,^ = rj^^^A^ = 0, $ = 1). Let us introduce the small fluctuations around 
the RS solution 

lf,u = rjt^u + /^V^, A^ = + a^, ^ = 1 + Kip. (18) 

Considering qmn = Vmn + i^hMN, we have the relations: h^^ = —a^, h^^ = 2ip. We note 
that the non-zero a^ breaks the Z2-syninietry. From Eq.(7), one flnds 

7i,u = fl^^u + Kk^,y, h^^ = h^^ + ipri^,^. (19) 

Then the bilinear action of Eq. (^ which governs the perturbative dynamics is given by PJ25[ 

+lh^.T^'' + a^r + ipJ^}, (20) 

where h = rj^'^h^u = h + Aip. Here we introduce the 4D external sources of 
(T'^'^{x), J^{x), Jip{x)) to obtain the correct physical propagations. Originally these all be- 
long to the localized sources on the brane as (T'^'^(x), J^(x), J^p{x))5{z) [|I^^. But after 
the integration over z these lead to the last line of Eq. ([2D|). Surprisingly, it turns out that 
although the Z2-symmetry along z-axis is broken at the linearized level, the bilinear effective 
action is invariant under the U(l) gauge transformation. Our previous observation about 
the U(l) symmetry breaking caused by the non-linear term and A- A is not correct at least 
for the RS ground state solution. Here a nice combination of the non-linear term and A ■ A 
in Eq. (|^) does not generate any mass term like a- a. This appears as higher order term than 
the squared order: 6/i;^K^(l — 0)y4 ■ A -^ —Gk'^K^ipa ■ a. We expect that this may contribute 
to the quantum correction. However, ii (p = 0, this term does not appear. The known 
method to obtain the localization of the zero-modes is flnd the bilinear action without the 
external sources [^,^,|TB[. The action Eq. (^) obtained after the integration over z and 



the perturbation around the RS background is flnite. Also it seems to have the canonical 
forms for all fluctuation flelds. Hence, following the conventional criterion, the zero-modes 
of the graviton, graviscalar, graviphoton all are localized on the brane. However, this may be 
wrong because it misses the roles of the potential terms and the external source. The actual 
propagation of the physical zero- modes on the brane can be justifled by the calculation of 
their exchange amplitudes for the sources [p^,p|, p5| , p8 . 



In order to understand what physical states there are, let us derive the linearized equa- 



tions. From the action Eq. (20) we obtain the equations of motion 



□V + d,d,h - [d.d'^K, + d.d'^K,) - v,u[Oh - d'^d^h^p) = -T,,, (21) 

aa^ - d^id.a") = - J^, (22) 

nip + 4:k^ip = --J^. (23) 



Here we find the 4D diffeomorphisins plus the U(l) gauge symmetry. Hence these can be 
taken into account by the source conservation laws 

d^T^, = 0, d^J^ = 0. (24) 

This means that the two equations Eqs. (^Tj) and ( P^D are compatible with the source con- 
servation laws. By taking the trace of Eq. (|2l|) , we have 

uh - d^d^Kp = ^T (25) 

with T = T^. Hence Eq. ( PT| ) becomes 

□V + d^d^h - (d^d'^K, + d^d'^K^) = -(T^, - ]^v^uT). (26) 

So far we have not chosen any gauge for h^v, dfi- Now let us choose the harmonic gauge 
and Lorenz gauge, respectively 

d%u = \duh, d^a^ = 0. (27) 

Using these gauge conditions, Eq. (126|) and Eq. ( p2|) reduce to 

Dh^, = -{T^u-^V,.uT), Ua^ = -J^. (28) 

The first equation is exactly the same equation which was derived for the graviton zero- 
mode using the brane-bending effect |T^. In the brane-bending calculation, it requires 
/i = 0. Furthermore we get from Eq .(p5|) and (|28|) the trace equation 

Uh = T. (29) 



To obtain the on-shell exchange amplitude induced by the sources, let us plug Eqs. (^ 



(0), and (|2|) into Eq. (^ §. Then we find 

d'x{h^,{x)T>^''{x) + a^{x)J^{x) + ^{x)J^{x)}. (30) 



2 
zero—m 



jampx "^ 



327rG4^ ^2 
We wish to take its Fourier-transformed form which makes the calculation easy ||5^ 

.2 

'"4 

From Eqs. (|28| ) and (^), their Fourier-transformed fluctuations are given by 



iZZm = ^^ /^'P{^V(P)^"'^(P) + a,ip)J''ip) + ^ip)MP)}- (31) 



h^u{p) = -^[T^,u{p) - -V,^uT{p)], (32) 
p z 

-M = ^, (33) 

^(P) = o, ii^^ 2, (34) 
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with m^ = — 4A;^. Substituting these into Eq. (|3TD leads to 

'^- - 3^ / ''V{^(^nrtT„„(p) - \tH,)) . ^^ . 3j^}. (35) 

In order to study the massless states, it is best to choose the hght-cone frame of p^ = 
(pi, 0,0,^4) 0. Then the source conservation law oi p^T^y = in Eq. (p^) give us the 
relations 

Til = T41 = T44, T12 = T42, Ti3 = T43. (36) 

Using this, one finds the spin-2 exchange amplitude 

T^^(p)T^.(p) - \t\p) = |T+2r + |T-2r, (37) 

where T±2 = |(722 — T33) ±iT23. On the other hand, the source conservation law oip^J^ = 
leads to 

Ji = J4. (38) 

Making use of this, one has the spin-1 exchange amplitude 

2J%=|J+i|2 + |J_i|2 (39) 

with J±i = J2 ± iJs- Finally, plugging this information into Eq. ( |35D leads to 

indicating that a total of four massless states: the gravitons with helicities A = ±2 and 
the graviphotons with helicities A = ±1 0. Therefore, it proves that h^u and a^ indeed 
represent the massless spin-2 propagations and the massless spin-1 propagations on the 
brane, respectively. Of course these all are localized on the brane . 

On the other hand, the graviscalar ip in Eq. (40) appears to be massive. Unfortunately, 
it has the tachyonic mass ml, = —Ak"^. It may indicate the unstable, massless mode on the 
brane. This means that the graviscalar cannot be localized on the brane. This can be easily 
read off from the 4D effective action in Eq. (^. Essentially we wish to treat the graviscalar 
as a massless freedom. However, the brane with tension cr ~ /c generates the unwanted 
tachyonic terms for the graviscalar $ which are proportional to fc^ R In the absence of the 



sources, the consistency between the linearized equation with h = leads to (p = [|TT|. At 
this stage we comment on the role of the trace of h^^. We assume that in the presence of 
the sources this is the pure gauge degree of freedom, as was in the brane-bending approach 



| 1^ . Therefore we can choose /i = 0, which implies that Eq. (^) leads to D^? = T/4. This 



'^ This may imply that our ansatz of 7^1/ (x) , Afj_ (x) , $ (x) is not appropriate for integrating out the 
massive KK modes. We thank Kakushadze for pointing out this. 
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leads to the contradiction to the graviscalar equation of Eq. (|^). We have two equations 
(that is, one is massless, whereas the other is massive) for the same field ^p. Hence we can 
choose (y9 = on the brane for the consistency. 

In conclusion we have established the localization of the graviphotons on the brane. Al- 
though these belong to asymmetric modes which do not satisfy the Z2-background symmetry, 
they possess U(l) symmetry. Also the graviscalar is not a massless scalar field localized on 
the brane even for introducing the matter sources. 
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